We study the local dynamical properties, Neimark-Sacker bifurcation, and hybrid control in a glycolytic oscillator model in the interior of R 2 + . It is proved that, for all parametric values, P + xy (α/(β + α 2 ), α) is the unique positive equilibrium point of the glycolytic oscillator model. Further local dynamical properties along with different topological classifications about the equilibrium P + xy (α/(β + α 2 ), α) have been investigated by employing the method of linearization. Existence of prime period and periodic points of the model under consideration are also investigated. It is proved that, about the fixed point P + xy (α/(β + α 2 ), α), the discrete-time glycolytic oscillator model undergoes no bifurcation, except Neimark-Sacker bifurcation. A further hybrid control strategy is applied to control Neimark-Sacker bifurcation in the discrete-time model. Finally, theoretical results are verified numerically.
Introduction
In glycolysis, glucose decomposes in the presence of various enzymes including ten steps in which five are termed the preparatory phase or phosphorylation, while the remaining steps are called the pay-off phase. Phosphofructokinase is one of the enzymes which is responsible for the occurrence of glycolytic oscillation [1] [2] [3] [4] . is step is considered the control unit of glycolysis due to the presence of enzyme phosphofructokinase. A biochemical reaction that occurs in metabolic systems has the following sequence of steps [5] : 
where the quantities involved in the above biochemical reaction are depicted in Table 1 . Generally, it is assumed that the enzyme PFK consists of two steps as given below. Among these, in one step, adenosine diphosphate simulates the allosteric regulatory enzyme and yields a more active form. erefore, the product formed during the reaction mediated by phosphofructokinase increases the rate of reaction. e systematic description of the kinetics is as follows:
and we have dx dt � α − βx − xy 2 ,
where x n and y n denote FGP and ADP, respectively, and α and β are positive constants. Using the nonstandard finite difference scheme, the discrete analogue of the glycolytic oscillator model, which is depicted in (3) , is
x n+1 � αh + x n 1 + hβ + hy 2 n , y n+1 � y n + hβx n + hx n y 2
Here, our purpose is to explore the local dynamics, N-S bifurcation, and hybrid control in a glycolytic oscillator model (4) in the interior of R 2 + . Specifically, our key findings are as follows:
(1) About the unique +ve fixed point P + xy (α/(β + α 2 ), α), we explored the dynamical properties along with different topological classifications. (2) We explored the existence of bifurcation about P + xy (α/(β + α 2 ), α). (3) Prime period and periodic points of the glycolytic oscillator model (4) are investigated. (4) To prove, the glycolytic oscillator model (4) undergoes an N-S bifurcation when parameters vary in a small neighborhood of P + xy (α/(β + α 2 ), α), and no other bifurcation occurs except the N-S bifurcation. (5) e N-S bifurcation is controlled by the hybrid control strategy. (6) eoretical results are verified numerically. e flow pattern of the remaining of this paper is as follows: Section 2 is about the existence of the unique +ve equilibrium point and corresponding linearized form of the glycolytic oscillator model (4) . In Section 3, we study the local dynamical properties with topological classification about P + xy (α/(β + α 2 ), α) of the glycolytic oscillator model (4), whereas existence of prime period and periodic points of model (4) is explored in Section 4. e comprehensive N-S bifurcation analysis about P + xy (α/(β + α 2 ), α) is given in Section 5. In Section 6, simulations are presented to verify theoretical results. In Section 7, a hybrid control strategy is applied to control N-S bifurcation. Concluding remarks are given in Section 8. 
Existence of the Unique +ve
where J| P xy (x,y) �
Local Dynamical Properties of Model
e local dynamics about P + xy (α/(β + α 2 ), α) of the glycolytic oscillator model (4) is explored in this section. J| P + xy (α/(β+α 2 ),α) about P + xy (α/(β + α 2 ), α) is
e auxiliary equation of J| P +
where
And eigenvalues of J| P + xy (α/(β+α 2 ),α) about P + xy (α/(β + α 2 ), α) are 
Hereafter in the following, we will explore the necessary and sufficient condition under which P + xy (α/(β + α 2 ), α) of the glycolytic oscillator model (4) is a sink, a repeller, a saddle, and nonhyperbolic.
, α) of the glycolytic oscillator model (4) , the following holds:
(ii) P + xy (α/(β + α 2 ), α) is a repeller iff
(iv) P + xy (α/(β + α 2 ), α) is nonhyperbolic iff
Proof. Follows from eorem 1.1.1 of [6] . Hereafter in the next lemma, we will explore local dynamics along with topological classification about
, α), the following holds:
Hereafter, we will establish that P + xy (α/(β + α 2 ), α) of (4) is the periodic point of prime period − 1. Moreover, equilibrium P + xy (α/(β + α 2 ), α) is the periodic point having period − 2, 3, . . . , n.
Existence of Prime Period and Periodic
Points of (4)
Proof. From (4), we define
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After manipulation, from (19) , one gets
From (21), one can conclude that P + xy (α/(β + α 2 ), α) of (4) is a periodic point of prime period − 1. □ Theorem 2. P + xy (α/(β + α 2 ), α) of the glycolytic oscillator model (4) is a periodic point of period − 2, 3, . . . , n.
Proof. From (19) , one has
From (22), P + xy (α/(β + α 2 ), α) of (4) is a periodic point of period − 2, 3, . . . , n. □
Bifurcation Analysis about
P + xy (α/(β + α 2 ), α) of
the Glycolytic Oscillator Model (4)
Recall that if (18) holds, then |λ 1,2 | (18) � 1, which implies that the glycolytic oscillator model (4) undergoes N-S bifurcation if parameters h, α, and β go through the curve:
Hereafter, we will give detailed N-S bifurcation about P + xy (α/(β + α 2 ), α) when parameters h, α, and β go through the curve, which is depicted in (23), by using bifurcation theory [7, 8] . For given parameters h, α, and β, let
After simplifying (24), one gets
From (25), one gets zF(h, α, β)/zβ < 0. So, by implicit function theorem, one can obtain β � β(h, α) such that F(h, α, β(h, α)) � 0 and hence choose β as a bifurcation parameter. Now, consider β in a small neighborhood of β * , i.e., β � β * + ε, where ε ≪ 1 and hence the glycolytic oscillator model (4) becomes (26) is
(29) e zeroes of (28) are
Additionally, it is required that λ m 1,2 ≠ 1, m � 1, . . . , 4, which is equivalent to p(0) ≠ − 2, 0, 1, 2, and hence by manipulation, it is true. If u n � x n − x * , v n � y n − y * , then P + xy (α/(β * + ε + α 2 ), α) of the glycolytic oscillator model (26) transforms into P 00 (0, 0). So
Mathematical Problems in Engineering 5 where x * � α/(β + α 2 ) and y * � α. Hereafter, the normal form of (33) is studied if ε � 0. By Taylor series expansion about (u n , v n ) � (0, 0), from (33), one gets u n+1 � a 11 u n + a 12 v n + a 13 u n v n + a 14 
Hereafter, one contracts the following invertible matrix T that puts the linear part of (34) into the canonical form:
and Δ * is depicted in (31). Hence, (34) then implies X n+1 � ηX n − ζY n + P,
where P X n , Y n � l 11 X 2 n + l 12 X n Y n + l 13 y 2 n + o X n + Y n 2 ,
in which 
by
From (39), one gets P X n X n P 00 (0,0) � 2l 11 , P X n Y n P 00 (0,0) � l 12 , P Y n Y n P 00 (0,0) � 2l 13 , Q X n X n P 00 (0,0) � 2l 21 ,
In order to ensure the N-S bifurcation for (38), it is required that the following discriminatory quantity should be nonzero ( [7] [8] [9] [10] [11] [12] [13] [14] ): 
After manipulation, one gets
From the analysis, one can conclude the following.
Theorem 3.
If Ω ≠ 0, then the glycolytic oscillator model (4) undergoes N-S bifurcation about the fixed point: P + xy (α/(β + α 2 ), α) as parameters h, α, and β go through the curve, which is depicted in (23). Additionally, attracting (resp., repelling) closed curve bifurcates appear from P + xy (α/(β + α 2 ), α) if Ω < 0 (resp., Ω > 0). According to bifurcation theory, the bifurcation is supercritical (resp., subcritical) N-S bifurcation if Ω < 0 (resp., Ω > 0). In the subsequent section, simulations guarantee that the glycolytic oscillator model (4) In view of (46) and (47), from (43), one gets Ω � − 0.029495873864781315 < 0. Hence, if β � 0.16 < 0.16105922820694768, then model (4) undergoes a supercritical N-S bifurcation and so a stable curve appears, which is depicted in Figure 2(a) . Also for different choices of the bifurcation parameter, if β < 0.16105922820694768, then one gets Ω < 0 (see Table 2 ), and corresponding closed curves are depicted in Figures 2(b)-2(l) . Moreover, the bifurcation diagrams along with the maximum Lyapunov exponent are plotted and drawn in Figure 3 . Finally, 3D bifurcation diagrams are plotted and drawn in Mathematical Problems in Engineering
e rest of this section deals with the study of N-S bifurcation of the controlled system (48) at h � 0.7, β � 0.1601 < 0.16105922820694768, and α � 0.6. In this case, (49) becomes
whose auxiliary equation is 
where p � 2 − 0.108492c and q � 1 − 1.150755c + 1.152135c 2 . In view of Lemma 1 of [15] , one gets 1 − (2 − 0.108492c) + 1 − 1.150755c + 1.152135c 2 > 0, 
whose roots are
If β � 0.1601, then from (32), one gets
From (57), the nondegenerate condition holds, and hence, (48) undergoes N-S bifurcation at β � 0.1601. In terms of above chosen parametric values: β � 0.1601, α � 0.6, h � 0.7, and c � 0.998, the controlled system (48) becomes x n+1 � 0.002x n + 0.41916 + 0.998x n 1.11207 + 0.7y 2 n , y n+1 � 0.002y n + 0.588235 0.6986x n + 0.998y n + 0.7x n y 2 n , (58) whose fixed point is P + xy (1.15362, 0.6). Now, we transform P + xy (1.15362, 0.6) into P 00 (0, 0) using the following transformation: (60) 
Locally asymptotically stable focus if ((α 2
Nonhyperbolic (for complex eigenvalues) if ((α 2
Since the linear part of (60) is just as J| P + xy (α/(β+α 2 ),α) � (1.15362, 0.6) with eigenvalues, λ 1,2 � 0.6185299315830337 ± 0.4140823777730747ι. (61) Now, (61) takes the following form:
where P X n , Y n � 0.0539722X 2 n + 0.201764X n Y n + 0.0273435y 2 n + o X n + Y n 2 , 
In view of (61) and (65), from (43), one gets Ω � − 0.028844333111783357 < 0. Finally, the controlled results of N-S bifurcation are plotted and drawn in Figure 5 . For more interesting results for solving nonlinear equations using the multipoint iterative method, we refer the reader to [19] and references cited therein.
Conclusion
In the proposed work, we have explored the local dynamics, N-S bifurcation, and hybrid control in a discrete-time glycolytic oscillator model, which is depicted in (4), in the interior of R 2 + . It is proved that ∀ α and β, the glycolytic oscillator model (4) has a unique +ve equilibrium point P + xy (α/(β + α 2 ), α). By the method of linearization, we have explored the local dynamics along with topological classification about P + xy (α/(β + α 2 ), α) of the discrete-time glycolytic oscillator model (4) , and conclusions are presented in Table 3 . We have also investigated the prime period and periodic points for the model (4) . Furthermore, we have explored the existence of bifurcation about P + xy (α/(β + α 2 ), α) and proved that the glycolytic oscillator model (4) undergoes no bifurcation, except N-S bifurcation, when h, α, and β go through the curve N − SB P + xy (α/(β + α 2 ), α) � (h, α, β): (α 2 + β + 2hα 2 + 2h 2 α 2 (α 2 + β))/((1 + h)(α 2 + β) (1 + h(β + α 2 ))) � 1}. We have performed the N-S bifurcation about P + xy (α/(β + α 2 ), α) by bifurcation theory. Moreover, the hybrid control strategy is applied to control the N-S bifurcation in the glycolytic oscillator model (4) . Finally, theoretical results are verified numerically.
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